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ABSTRACT 


A  theoren  Is  proved  which  gives  sufficient 
conditions  under  which  electrooegnetlc  heekscatter 
from  an  Inhoengeneous  object  vanishes  Identically. 
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I.  imODUCTION 

!Ehe  result  to  be  proved  my  be  stated  as  follows^ : 

If  a  plane  wave  Is  Incident  along  the  axis  of  syanetry  of  an  axially 
synsetrlc  scatterer,  and  If  the  relative  pexalttlvlty  and  peneablUty  of 
the  obstacle  satisfy  the  relation  e(r)  >  (i(r),  then  the  radar  cross* 
section  Is  Identically  zero  for  all  freq]ueBeles. 

The  theorem  vlU  first  be  ]^ved  In  Its  general  form,  then  daaonstrated 
for  the  Important  special  case  of  an  Inhaaogeneous  spherically  synmtrlc 
scatterer.  Obe  analytical  methods  of  the  latter  derivation  vlU  also  be 
used  to  deduce  the  angular  distribution  of  low  frequency  radiation  scattered 
from  such  a  nedixm.  An  Interesting  result  at  hl|^  freq[uencieB  will  also 
be  pointed  out. 

n.  IROOF  OF  THE  THECRBi 

Nunrell's  equations,  assuming  harmonic  time  dependsnee,  may  be  written 
In  the  form  of  two  stationary  \rave  equations 

Vx  Vx  s  .  A  .  n(r)I  -  xV  X  E  .  0  , 

V  X  V  X  H  -  k^H  +  U(r)g  -  x  V  x  H  -  0  , 

where  the  relative  permittivity  e  and  relative  permeability  axe  arbitrary 
complex  functions  of  r,  and  u(£)  sk^  [l  -  |i({)  e({;)]  .  The  standard 
boundary  conditions  for  a  scattering  problem  will  be  assumed:  at  infinity 
the  total  fields  are  the  sum  of  an  Incident  plane  wave  and  an  outgoing 
spherical  wave;  the  usual  continuity  conditions  at  surfiaees  of  dlseontlmulty, 
If  any,  of  e(£)  and  u(£)  will  also  be  assumed. 


It  vlU  be  convenient  to  replace  the  differential  equations  plus 
boundary  conditions  by  the  two  Integral  equations 

*(&)  -fo(s)  +  /  £')  •  J(E') 

jB[(£)  *  J  5')  •  [u(S*)  Sfe*)  -  x^x  H(r«)  , 

vhere  the  tensor  Green's  function  G(r,  r')  Is  the  outgoing  solution  of 

VxVx(5(£,i*)  -  X^0(£,  r-)  --li(r  -  r‘) 

vlth  the  explicit  fom 

0(r,  r')  .  (I  -^77*)  g(r,  r') 

IkR 

8(r,r>)n^^  ,  R-I-r  • 

To  specialise  to  the  axially  syanetrlc  problem,  the  axis  of  syaaetry  will 
be  chosen  to  be  In  the  direction  of  propagation  of  the  Incident  plane  wave, 
l.e.,  JBq  X  Is  a  vector  pointing  la  the  direction.  The  assunptlon 
of  an  outgoing  scattered  vave  Inplles  that.  In  the  backward  direction,  the 

e 

phase  of  H  relative  to  that  of  JJ  has  been  changed  so  that  JFscatt.*  '•^scatt 
Is  a  vector  pointing  In  the  direction,  (nie  change  In  relative  phase 
of  E  and  H  Is  possible  since  J  and  J  are  solutions  of  different  eq^atlons.) 

Suppose  now  that  c(r}~  uQi;)*  ^  Integral  eqiuatlons  for  and  J|  are 
then  Identical,  and  they  nay  be  written  as  the  single  Integral  equation 

S(e)  -JEo(£)  *f  o(i.  I')  •  [w(£' )£<£.')  -  4*^  V  •  (3) 


I 


-  2  - 


There  ere  tvo  linearly  Independent  vector  eolutlone  to  this  equation^  one 
corresponding  to  I^(r)  polarized  In^  say,  the  x-dlrectlon  and  the  other 
corresponding  to  K^(r)  polarized  la  the  y-dlrectlon  (the  -HS'^lreetlon  Is 
then  the  direction  of  propagation,  Ic^,  of  the  laeldeat  vave).  In  the 
first  case  the  assuaed  axial  syawtry  reqjolres  the  backscattered  field  to 
be  polarized  In  the  x-dlrectlon,  vhlle  In  the  second  ease  the  backscattered 
field  Bust  be  polarized  In  the  y-dlreetlon.  Furtberaore,  because  of  the 
axial  syimetry  the  phase  change  of  the  x-polarlzed  backscattered  wave  aust 
be  exactly  equal  to  the  phase  change  of  the  y-polarlsed  backscattered  vave. 
Therefore,  the  relative  phase  of  the  tvo  scattered  waves  Is  the  saae  as 
their  relative  phase  In  the  Incident  vave.  Identifying  with  the  solution 
corresponding  to  the  x-polarlzed  incident  wave  and  J|  with  the  solution 
cozrespondlng  to  the  y-polarlsed  incident  vave,  we  conclude  that 
Jscatt  ^  J^scatt  ^  *  vector  pointing  In  the  direction  of  propagation 
of  the  Incident  vave.  But  this  is  consistent  with  the  assuaption  of 
outgoing  scattered  waves  only  if  the  balckseattered  fields  are  identically 
zero.  There  are  no  explicit  restrietidns  on  firequeney,  and  the  theorea 
is  therefore  valid  for  all  fTequeaeies  for  which  c  <*  |i. 

Note  that  the  strict  equality  of  c(r)  and  |t(£)  is  actually  not 
necessary  for  the  validity  of  the  theorea.  Tram  Bqs.  (l),  it  is  clear 
that  the  and  equations  are  Identloal  provided  only  that  |t(r)  « 
where  b  is  any  constant.  (Oils  arelatlon  aust  be  satisfied,  of  course, 
throughout  the  whole  space  contaiaiag  source  and  scatterer.)  The  proof, 
for  b  /  1,  proceeds  essentially  as  befbre,  with  only  a  ze-deflnition  of 
the  ’Tbee-space”  vave  nuriber  required. 
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III.  REtttHKS 


An  iBterettlag  consequence  of  the  feet  thnt  the  and  J[  fields  are 
described  by  a  single  vector  eqiuatlon  Is  that  there  exists  an  explicit 
non-dlffereatlal  relation  between  the  B  and  H  fields.  It  nay  be  shown 
that  If  K(£;)  Is  a  solution  to  Bq.  (3),  then  r)  Is  also  a  solu> 

tlon,  where  #P  Is  the  rotation  operator  (referred  to  a  Cartesian  basis) 

/o  .1  OX 

^  1  0  0  . 

\  0  0  1  / 

nils  nay  be  established  by  operating  on  Bq.  (3)  with  ^  and  replacing  the 
argunents  r,  r'  of  the  scalar^  vector,  and  tensor  functions  by 
jP',  and  using  the  syn«etry  relations,  r*)  » 

-  0(£i  £')•  Incident  field  jC^(|;)  Is 

a  plane  wave  propagating  in  the  -ra-dlrectlon,  we  nay  choose  • 

JT)  i*  *  vector  representing  an  Incident  plane  wave 

polarised  la  the  ^y-dlrectlon.  nierefore.  If  I^(r)  Is  one  solution  of 
(3)«  S)  second  linearly  Independent  solution,  and  we 

nay  Identity  B(r)  and  H(r)  With  K(r)  and  r),  respectively^. 

sna  ••  see  aa  ana  •a  eea 

meldeatally,  the  relation  E(r)  «  jr)  can  now  be  used  to  give 

a  very  slnple  proof  of  the  theoren,  for  on  the  s-axls  j)  ■ 

# 

•0  that  tht  s-oonoMBt  of  S  ■  I  x  H  becoMs  alxply 

8^(0,  0,  s)  -|^(0,  0,  s)|2  +  |By(0,  0,  z)|2  . 


-  h  - 


Since  8^(0,  0,  z)  —  0,  the  fiar-zone  scattered  Held  on  the  syanetry  axis 
oust  propagate  only  In  the  ■«« •direction^  vMch  contradicts  the  outgoing- 
wave  boundary  condition  in  the  backward  direction,  unless  the  scattered 
field  is  zero. 

Since  the  backscatter  cross-section  is  zero  when  e(r)  » 
should  increare  continuously  frosi  zero  as  «(r)  -  |i^)  is  allowed  to 
differ  slightly  from  zero  everywhere.  This  suggests  that  there  may 
exist  an  expansion  of  the  fields  in  tens  of  a  uniformly  small  quantity, 
f[«(r)]  -  f[u(r)],  which  should  hold  for  large,  as  well  as  small,  values 
of  €.  In  any  case,  the  fact  that  the  cross-section  in  the  backward 
direction  must  vanish  when  e  «  u,  should  serve  as  an  additional  validity 
criterion  for  any  approximation  method  developed  to  apply  when  e  and 
both  differ  from  unity. 

IV.  THE  SPHBRICiLLY  SPliEIRIC  CASB 

It  would  be  useful  if  the  angular  distribution  of  the  radiation, 
when  II  ^  €f  could  be  conpared  with  that  when  c  /  u  *  1  in  order  to 
determine  whether  the  radiation  which  is  not  scattered  in  the  backward 
direction  appears  Instead  at  angles  close  to  x,  or  whether  the  forward 
scattering  amplitude  is  enhanced.  Such  a  cosqparlson  is  not  possible 
for  the  general  case.  Hbwever,  it  will  now  be  shown  that,  for  long 
wavelengths,  the  angular  distribution  for  a  spherically  qmiNtrie,  but 
inhomogeneous,  seattezer  has  a  particularly  simple  form  when  6(r)  ■  u(r), 
and  that  the  radiation  pattern  is  peaked  in  the  forward  direction. 

-  5  - 


It  may  ba  verified  by  direct  eubetltutlon  Into  the  Muevell  equations 
that  the  general  solution  to  the  spherically  syamietrlc  problem  Is 

*(*■)  I(j)  «('■)  'fWj]  +  f  [€^(r)  ^(r)  j;]}  , 

£(l)  -  ^  *  Ks)  . 

where  ^  and  0  satisfy  the  following  equations: 

V^’P+[k2  4€  .0  , 

dr 

0  +  [k^  U€  -  (e*^)]  0  ■  0 

db^ 

The  boundary  conditions  on  ^  and  0  must  be  such  that 

"FITob  ^  «®(ikr)  . 

Here,  x  Is  the  Initial  polarization,  and  A  Is  the  vector  scattering 
amplitude.  The  absolute  square  of^  Is  the  differential  cross  section. 

The  radial  equations  associated  with  Eqs.  (6)  and  (7)  are 


(rR. )  +  [k^uc  - 

dr  ^  dr  r 

with  boundary  conditions 

**!L  "moo  *  W2  +Sj(^)  / 

+>|j^  )  . 


-  0 


-  0 


f 


Qlie  phase  shifts,  cmd  ,  detenslne  the  scattering.  When  ii(r)  ■  c(r), 
the  radial  equations  are  Identical,  and  . 

Ihe  scattering  aoplltude  is  derived  by  substituting  expansions  of  the 

form 

for  ^  and  ]Zi  In  Eq.  (U) .  The  expansion  coefflefents  can  then  be  evalxiated 

by  Imposing  the  asymptotic  condition,  Bq.  (8),  provided  that  the  vector 

k 

plane  wave  Is  expressed  by  Its  known  expansion  la  spherical  harmonics. 
general,  A  Is  a  cosQtllcated  function  of  angles,  but  because  of  the  equall-ty 
of  the  phase  shifts  and  when  |x(r)  «  e(r),  considerable  simplification 
of  the  vector  scattering  amplitude  Is  possible.  It  is  readily  shown  that  In 
this  case  0  )  reduces  to  the  relatively  simple  expression 

A(0,  0)  ■  (21k)*^  (cos  0  S  -  sin  0  i)  ^  l]  [(^  •  “f)  ' 

where  t  s  cos  0.  The  theorem  can  now  be  easily  verified  for  this  special 
case  since,  for  0  «  x,  the  qnantlty  in  square  brackets  vanishes  for  every 
value  of  M  f  and  ;^(x)  Is  therefore  Identically  sero. 

When  ka  c  <  1,  where  a  Is  the  characteristic  distension  of  the  scatterer, 
only  the  J2>  1  phase  shift  Is  important,  and  one  finds  from  Bq.  (9)  that 


(9) 
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In  contrast  to  a  (l  +  cos  0)  angular  dqpendence  of  the  differential  cross- 
section  when  s  1.^  ThuS;  at  least  in  the  long  wave  length  lladt^  the 
dlstrlhutlon  shifts  to  prednainantly  forward  scattering.  Whether  this  Is 
true  also  at  higher  freq;uencles  is  xiot  known.  Hbwever,  for  sufficiently 
short  wavelengths  the  Schlff  high-energy  approxiaatlon  for  large -angle 
electromagnetic  scattering^  can,  In  principle,  be  used  to  cosQute  the 
angular  distribution  in  the  neighborhood  of  the  backward  direction. 

It  is  interesting  to  note  that  the  Schlff  formula  also  yields  zero 
for  the  scattered  sagplltude  In  the  backward  direction  when  e(r)  >  ii(r), 
under  no  assumptions  other  than  cix  -  1  <  1  and  kR  »  1,  where  S  is 

a  characteristic  dimension  of  the  scatterer.  Tbe  assumption  of  axial 
symmetry  is  not  req^lred;  thus  the  theorem  should  be  approximately  valid 
for  an  arbitrary  scatterer,  provided  only  that  e  •  kRa»>>l. 
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